OPERATOR SYSTEM STRUCTURES ON ORDERED 

SPACES 
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Abstract. Given an Archimedean order unit space (V^, , e), we con- 
struct a minimal operator system 0MIN(1/) and a maximal operator 
system OMAX(V), which are the analogues of the minimal and max- 
imal operator spaces of a normed space. We develop some of the key 
properties of these operator systems and make some progress on charac- 
terizing when an operator system S is completely boundedly isomorphic 
to either OMIN(5) or to OMAX(5). We then apply these concepts to the 
study of entanglement breaking maps. We prove that for matrix algebras 
a linear map is completely positive from OMIN(M„) to OMAX(Mm) if 
and only if it is entanglement breaking. 



1. Introduction 

In the past twenty years, beginning with Ruan's abstract characterization 
of operator spaces pTl], there has been a great deal of research activity 
focused on operator spaces and completely bounded maps. In contrast, 
there has been relatively little development of the abstract theory of operator 
systems. However, many deep results about operator spaces are obtained 
by regarding them as corners of operator systems. So, potentially, parallel 
developments in the theory of operator systems could lead to new insights in 
the theory of operator spaces. In this paper we develop the analogues in the 
operator system setting of the MIN and MAX functors from the category of 
normed spaces into the category of operator spaces and study some of their 
properties. In particular, we prove that the entanglement breaking maps 
between matrix algebras, studied in [5], [6] and [2], coincide with the linear 
maps that are completely positive when the matrix algebra of the domain is 
equipped with our minimal operator system structure and the target matrix 
algebra is equipped with our maximal operator system structure. This can 
be interpreted as showing that the entanglement breaking maps are precisely 
the linear maps between matrix algebras that are "universally" completely 
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positive; i.e., that remain completely positive independent of the operator 
system structures on the domain and the range. 

Recall that an operator space is a normed space for which a norm || ■ ||„, 
n € N, is given on the space Mn(V) of n x n matrices with entries in V 
in such a way that the family (|| ■ ||n)^i satisfies certain axioms (see [9l 
p. 181] for details). Given a normed space X, there are many inequivalent 
operator spaces that all have X as their "ground level". Among all those, 
there are two distinguished operator spaces, MIN(X) and MAX(X), which 
represent, respectively, the smallest and largest operator space structures 
on X. Moreover, MIN and MAX can be regarded as functors from the 
category whose objects are normed spaces and whose morphisms are con- 
tractive linear maps into the category whose objects are operator spaces 
and whose morphisms are completely contractive maps. In this categorical 
sense, "taking the ground level" , is really the forgetful functor from the cat- 
egory of operator spaces to the category of normed spaces, which ignores the 
structure on the levels above the first. Effros coined the term quantization 
functor for any functor from the category of normed spaces into the cate- 
gory of operator spaces for which the forgetful functor is an inverse. Much 
work has been done explaining the differences between the MIN and MAX 
functors, constructing other natural operator space structures on normed 
spaces, and exploring the behavior of these functors with respect to various 
natural tensor norms on each category. These results play a vital role in the 
theory of operator spaces and in the theory of C*-algebras. 

In this paper we consider a parallel development for operator systems. 
Every operator system is at the ground level an ordered *-vector space with 
an Archimedean order unit and, conversely, given any Archimedean order 
unit space, there are possibly many different operator systems that all have 
the given Archimedean order unit space as their ground level. We begin 
by constructing the analogues of the MIN and MAX functors in this set- 
ting, which we denote by OMIN and OMAX. Thus, associated with an 
Archimedean order unit space V we have two operator systems, OMIN(y) 
and OMAX(y), whose properties we develop in Section [3l We describe the 
process of "Archimedeanization" of a matrix ordered space with a matrix 
order unit, and give a matricial version of the corresponding result from 
|10j concerning ordered *-vector spaces. In Section |4] we introduce the dual 
matrix ordered space to a given matrix ordered space and identify the dual 
spaces of the operator systems OMIN(F) and OMAX(y). In Section [5] we 
provide necessary and sufficient conditions for an operator system S to be 
completely boundedly isomorphic to OMIN (5) or 0MAX(5). In Section [6] 
we apply our results to the study of entanglement breaking maps encoun- 
tered in Quantum Information Theory (see [2] and [6]). We characterize the 
entanglement breaking maps from M„ to Mfc as the maps that are completely 
positive from OMIN(M„) to OMAX(Mfc). For maps between general oper- 
ator systems we define the notion of a weak*-entanglement breaking map 
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and extend some of our results for matrix algebras to the general setting. 
The next section is devoted to preliminary notions and results. 

2. Preliminaries 

In this section we recall basic definitions and results and establish ter- 
minology. If is a real vector space, a cone in is a nonempty subset 
C QW with the following two properties: 

(a) € C whenever A G := [0, oo) and w € C; 

(b) V + w £ C whenever v,w C. 

A *-vector space is a complex vector space V together with a map * : 
V ^ V which is involutive (i.e., (v*)* = v for all v (z V) and conjugate 
linear (i.e., {Xv + w)* = Xv* + w* for ah A G C and v,w e V). If y is a 
*-vector space, then we let Vh = {x € V : x* = x} and we call the elements 
of Vh the hermitian elements of V. Note that is a real vector space. 

An ordered *-vector space {V,V~^) is a pair consisting of a *-vector 
space V and a subset Q V/^ satisfying the following two properties: 

(a) V"^ is a cone in Vh] 

(b) V+ n -V+ = {0}. 

In any ordered *-vector space we may define a partial ordering > on Vh 
by defining v > w (or, equivalently, w < v) if and only if v — w (z . Note 
that V E if and only if v > 0. For this reason is called the cone of 
positive elements of V. 

If {V, V~^) is an ordered *-vector space, an element e € Vh is called an 
order unit for V if for all v G V/i there exists a real number r > such 
that re > v. If {V,V~^) is an ordered *-vector space with an order unit e, 
then we say that e is an Archimedean order unit if whenever v (zV and 
re + V > for all real r > 0, we have that v € V^ . In this case, we call the 
triple {V,V^,e) an Archimedean ordered *- vector space or an AOU 
space, for short. 

We now recall the notion of a state which will play a fundamental role in 
this paper. 

Definition 2.1. Let {V, V^ , e) be an AOU space and s : V ^ C be a linear 
map. The map s is called unital if s{e) = 1, and positive if s{V~^) Q M+. 
The map s is called a state on V if s is unital and positive. We let S{V) 
denote the set of all states on V and call it the state space of V . 

Remark 2.2. Let {V,V'^,e) be an AOU space. For v G Vh let 

Hull = inf{t eR: -te<v < +te} 

he the order norm of v defined in [101 §2.2]. It was shown in [101 §4] that 
the order norm || • || onVh can be extended to a norm on the complex vector 
space V, but that, in general, this extension is not unique. Moreover, it was 
shown in |101 §4] that among all these extensions there is a minimal norm 
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II ■ \\m and a maximal norm \\ ■ \\m^ and they satisfy the inequahties \\v\\m < 
W'^Wm < 2||w||m for every v & V. (See [ini Remark 4.8 and Proposition 4.9].) 
In particular, ah extensions of || • || to a norm on V are equivalent. We shall 
denote by Vmin the AOU space V equipped with the minimal norm || ■ lim- 
it was shown in [TOl §4.1] that ioic v G V we have ||f||m = sup{|s(f)| : s G 
SiV)}. 

If y is a *-vector space, we let Mm,n(y) denote the set of all m x n matri- 
ces with entries in V. The natural addition and scalar multiplication turn 
^m,niy) into a complex vector space. We often write Mm,n := Mm,niC), 
and let {Eij}fj^i^ denote its canonical matrix unit system. If X = {xij)ij G 

m is a scalar matrix, then for any A = {aij)ij E Mm,n(y) we let XA 
be the element of M;^„(y) whose i,j-entry {XA)ij equals YlT=i^i,k'^k,j- 
We define multiplication by scalar matrices on the right in a similar way. 
Furthermore, when m = n, we define a *-operation on MniV) by letting 
■~ i^ji)hj- With respect to this operation, Mn{V) is a *-vector 
space. We let Mn{V)h be the set of all hermitian elements of M„(F). 

Definition 2.3. Let V be a *-vector space. We say that {Cn}'^=i is a matrix 
ordering on V if 

(1) Cn is a cone in Mn{V)fi for each n € N, 

(2) Cn n -Cn = {0} for each n e N, and 

(3) for each n, m € N and each X G Adn,m{'C) we have that X*CnX C 

Cm- 

In this case we call {V, {Cn}'^=i) a matrix ordered *-vector space. We refer 
to condition (3) as the compatibility of the family {C„}^]^. 

Note that properties (1) and (2) show that (M„(y),C„) is an ordered 
*-vector space for each n G N. As usual, when A,B £ Mn{V)h, we write 
A<BifB-A£Cn. 

Definition 2.4. Let (V, {Cn}'^=i) be a matrix ordered *-vector space. For 
e £Vh let 



he the corresponding diagonal matrix in Mniy). We say that e is a matrix 
order unit for V if is an order unit for (M„(y),C„,) for each n. We 
say that e is an Archimedean matrix order unit if e„ is an Archimedean 
order unit for (M„(y),C„) for each n. An (abstract) operator system is 
a triple {V,{Cn}'^=i,e) where V is a complex *-vector space, {Cn}^=i is 
matrix ordering on V, and e £ Vh is an Archimedean matrix order unit. 

We note that the above definition of an operator system was first in- 
troduced by Choi and Effros in [3j. If V and V are vector spaces, and 
(j) : V ^ V' is a linear map, then for each n G N the map (j) induces a 
linear map 0„ : Mn{V) MniV) given by (/'n((fij)ij) := i(p{vi,j))i,j. If 
{V, {Cn}^=i) and (V , {C'n}^^i) are matrix ordered *-vector spaces, a map 
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(p : V —>■ V is called completely positive if (j)n{Cn) ^ C'^ for each n G N. 
Similarly, we call a linear map (/) : V ^ V' a complete order isomor- 
phism if 4) is invertible and both and cj)~^ are completely positive. 

We denote by B{Ti.) the space of all bounded linear operators acting 
on a Hilbert space Ti. A concrete operator system 5 is a subspace of 
B{7i) such that S = S* and / € 5. (Here, and in the sequel, we denote 
by / the identity operator.) As is the case for many classes of subspaces 
(and subalgebras) of BiTi), there is an abstract characterization of concrete 
operator systems. In this case the characterization is given by Definition [231 
If 5 C B{7i) is a concrete operator system, then we observe that 5 is a *- 
vector space, S inherits an order structure from BiTi.), and has / as an 
Archimedean order unit. Moreover, since S C BiTi.), we have that Mn{S) C 
Mn{B{T-L)) = B{7i'^) and hence M„(iS) inherits an order structure from 
BiTi"") and the n x n diagonal matrix 



is an Archimedean order unit for M„(5). In other words, S is an abstract 
operator system in the sense of Definition 12.41 The following result of Choi 
and Effros [U Theorem 4.4] shows that the converse is also true. For an 
alternative proof of the result, we refer the reader to [HI Theorem 13.1]. 

Theorem 2.5 (Choi-Effros). Every concrete operator system S is an op- 
erator system. Conversely, if (y,{Cn}^=i,e) is an operator system, then 
there exists a Hilbert space 7i, a concrete operator system S C B{7{), and a 
complete order isomorphism (j) -.V ^ S with (j){e) = I. 

To avoid excessive notation, we will generally refer to an operator system 
as simply a set V with the understanding that e is the order unit and 
Mn{y)^ '■= Cn is the cone of positive elements in MniV). 



Let {V,V^ ,e) be an AOU space. A matrix ordering on (y^V~^,e) 
is a matrix ordering C = {Cn}'^—^ 

V such that Ci = F+. An opera- 
tor system structure on (y,V'^,e) is a matrix ordering {Cn}^=i such that 
iy,{Cn\'^=i-,e) is an operator system with Ci = . Given an operator 
system (<S, e) and a unital positive map 4) : V ^ S such that 

= (j)~^{Pi), one obtains an operator system structure on V by setting, 
Cn = ipn^iPn)- We shall call this the operator system structure induced by 
(j). Conversely, given an operator system structure on V, if we let <S = ^ and 
(p be the identity map, then we see that the given operator system structure 
is the one induced by (p. 

IfV = {Pn}^=i and Q = {Qn}^=i are two matrix orderings on V, we say 
that V is stronger than Q (respectively, Q is weaker than V) if P„ C 
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for all n G N. Note that V is stronger than Q if and only if for every n, and 
every A,B G A([n{V)h, the inequality A <-p B implies that A <q B, where 
the subscripts are used to denote the partial orders induced by V and Q, 
respectively. Equivalently, V is stronger than Q if and only if the identity 
map on V is completely positive from {V, {Pn}^=i) to (V, {Qn}^=i)- 

In this section we wish to describe the various operator system structures 
with which an AOU space can be equipped. We shall prove that every 
AOU space possesses a strongest and a weakest operator system structure, 
which we will call the maximal and minimal operator system structure, 
respectively, and we shall characterize the corresponding matrix orderings. 

We begin with the weakest operator system structure. By Kadison's Rep- 
resentation Theorem (see [7] and [Jl, Theorem II. 1.8], and also see [1Q| The- 
orem 5.2] for the precise statement which we shall use), given an AOU space 
{V, V~^, e) there exists a compact Hausdorff topology on S{V) such that the 
unital linear map $ : F — > C{S(y)) into the C*-algebra of continuous func- 
tions on iS'(^) defined by ^{v){s) = s{v) is an order isomorphism onto its 
range. Equivalently, we have = <I>~^(Pi), where Pi denotes the set of 
non-negative valued continuous functions on S{V). Since unital C*-algebras 
are operator systems, Kadison's Representation Theorem induces an oper- 
ator system structure {Cn}^=i on V. We have that (vij) G C„, if and only 
if i<^{vij)) > in MniC{S(y)), if and only if is{vij)) G M+, for every 
s G S{V). We shall prove that this operator system structure is the desired 
weakest operator system structure, that is, the one for which the cones of 
positive elements are as large as possible. 

Definition 3.1. Let {V, V^, e) be an AOU space. For each n £ N set 

n 

Cr^'iV) = I {vi,j) G Mn{V) : '^i^J^i^J e allXu...,XneC 

and let C™°(F) = {C7™°}~^^. 

The following result gives an alternative way to describe the elements of 
while simultaneously proving that it is an operator system struc- 
ture on V. 

Theorem 3.2. Let (V,V^,e) be an AOU space and n G N. Then (vij) G 
C™'^(F) if and only if {s{vij)) G M+ for each s G S{V). Hence C'^'''{V) 
is the operator system structure on V induced by the inclusion of V into 
C{S{V)). 

Proof. Suppose (fjj) G MniV). Then we see that 
(s(fij)) G M+ for all s G S{V) 



{{s{vij))x, x) > for all s : F ^ C and all x 
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n _ /Ai\ 
^ ^ \i\js{vi^j) > for all s : 1/ ^ C and all : G 

i,j=l \ A?i / 

^ s I ^ Ai AjUi,^ I > for all s : y ^ C and all ( : j G C" 
\i,j=i J V A„ / 

n _ /Ai\ 

<^ ^ AiAjUij G y+ for all : € C" (by ^ Proposition 3.13]) 

i,j=l \ An / 

□ 

Definition 3.3. Let {V,V+,e) be an AO U space. We define OMW{V) to 
be the operator system {V,C'"^"^{V),e). 

Thus, up to complete order isomorphism, OMIN(y) can be identified with 
a subspace of C{S{V)). We next examine its universal properties. 

Theorem 3.4. Let {V, V~^, e) be an AO U space. If {W, {Cn}^=i) is a matrix 
ordered *-vector space and (j) : W ^ OMIN(y) is a positive linear map, then 
(j) is completely positive. 

Moreover, if V = {V,{Cn}^= ]^ , e) is an operator system with Ci — V'^ 
and such that for every operator system W , any positive map ip : W ^ 
V is completely positive, then the identity map is a unital complete order 
isomorphism between V and 0MIN(1/). 

Proof (i) Let A = (a,j) € C„. If X = ^ : ^ e M„,i(C) then X*AX = 
^^j=i K^jCiij £ Ci. Since (p is positive, this implies that 

n / " \ 

Thus [4){ai^j)) G C™™(y), and (j) is completely positive. 

(ii) Let i : V ^ OMIN(y) be the identity map. By (i), i is completely 
positive, and by the assumption, is completely positive. Since i is also 
unital, we have that V and OMIN(y) are completely order isomorphic. □ 

Corollary 3.5. Let (!/,!/+, e) be an AOU space. If {V,{Cn}'^=i,e) is any 
operator system structure on V then Cn ^ C™°(y) for all n E N. 

Proof. The identity map from {V,{Cn}'^=i,e) to OMIN(y) is positive and, 
hence, completely positive by Theorem 13.41 Thus, C„ C C™"^(y) for each 
n G N. □ 

Corollarv 13.51 shows that OMIN(y) is the weakest operator system struc- 
ture that an AOU space V can be equipped with. 



8 



V. I. PAULSEN, I. G. TODOROV, AND M. TOMFORDE 



We note that, by virtue of Theorem 12.51 every operator system is also an 
operator space. We next identify the operator space structure of OMIN(y). 

Proposition 3.6. Let {V,V~^,e) be an AOU space and Vmin denote the 
vector space V equipped with the minimal norm \\ ■ \\m (see Remark \ 2.2i) . 
Then the identity map on V is a complete isometry between the operator 
spaces MIN(ymin) and OMIN(y). 

Proof. The canonical inclusion V ^ V C C{S(y)) is an isometry on Vmin 
and a complete order isomorphism between OMIN(y) and the subspace V 
together with the operator system structure that it inherits. Hence, for 
(vij) G Mn{V), we have that 

ll(^*j)llM„(OMIN(y)) = \\{vi,j)\\AI„(C(S{V))) > \\{Vi,j)\\M„(Vn,in)^ 

with the last inequality following from the fact that the map t; ^ is an 
isometry on Vmin and the fact that MIN(yiiiin) is the smallest of all possible 
operator space structures. 

However, each state s € S{V) is a contractive linear functional on Vmin, 
and hence completely contractive on MIN(14iiin); thus, 

ll('^ij)llA/„(OMIN(V)) = snp seS{V)\\{s{Vi,j))\\M„ < ||(?^i,i)llA/„(MIN(V^i„)), 
and the result follows. □ 

We now turn our attention to the maximal operator system structure 
on an AOU space. Given a *-vector space V, we identify the vector space 
Mn{V) of all n X n matrices with entries in V with the (algebraic) tensor 
product Mn (8> y in the natural way. 

Lemma 3.7. We have that Mn{V)h = {Mn)h Vh (the right hand side 
being the algebraic tensor product of real vector spaces). 

Proof. It is obvious that {Mn)h ®VhQ Mn{V)h- Conversely, suppose that 
V = {vij) £ MniV)h- Then v*j = vj^i, i,j = l,...,n. Write v = X]"^^ Ei^i 
Vi,i + Y.i<j{Ei,j ® Vij + Ej^i (g) Vj^i). Clearly, Y17=i Ei,i Vi^i £ {Mn)h ® Vh. 
Fix i,j with i < j and write Vij = Yl'k=i '^kWk, where Wk € and Afc G C. 
Then Vj^i = v*j = Ylk=i ^kWk and so 

Eij (S> Vij + Ej^i (g) Vj^i = Eij (g) ^ XkWk + Ej^i 



\k=l 




^ {{XkEij) (g)Wk + (XkEj^i) (g) Wk) 



k=i 

4 



^{XkEij + XkEj^i) (gwke {Mn)h ® Vh 



k=l 



It follows that V £ {Mn)h ®Vh. □ 
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Definition 3.8. Let (V,V~^) be an ordered ^-vector space. Set 

D'^^{y) = l^^ai®Vi:vieV+,aieM+,i = l,...,k, G n| 

and = {Z)^»^^(y)},^^i. 

Lemma 3.9. Let {y,V^) he an ordered *-vector space. Suppose that Pn C 
^n{y)h is 0, cone for each n G N, the family {Pn\'^=i is a compatible matrix 
ordering, and Pi = F+. Then D'^^CV) C P„, for each n G N. 

Proof. Suppose that {P^}^^ is a compatible collection of cones with Pi = 
V+. If X G Mn,i then 

XV+X* = XPiX* c p„. 

It follows that a V (z Pn for each a G of rank one and each v G V^. 
Since every element of is the sum of rank one elements of we 
conclude that a<^v G P„ for all a G M+ and all v G V+. Thus D^^{V) C P„ 
for all n G N. □ 

If . . . , £ y we let diag(wi, . . . ,Vm) denote the element of M^iV) 
with vi, . . . , Vm on its diagonal (in this order) and zeros elsewhere. 

Proposition 3.10. Let {V,V~^,e) he an AOU space. The following hold: 

(i) is a matrix ordering on V and e is a matrix order unit for 
this ordering; 

(ii) ^'"^^(y) = {a diag(t;i, . . . , Vm)a* : a G Mn,m, Vi eV+ ,i = 1, . . . ,m, 

m G N}; 

(iii) if {Pn\'^=i is a matrix ordering on V with Pi = then D^^^'^^iV) C 
P-a ^ and e is a matrix order unit for {-Pn}^i- 

Proof. Let -D„ denote the right hand side of the equation in (ii). We first 
observe that D„ is a cone in Mniy)^. If i;i, . . . , fm G V'^ and a = (ttjfe) G 
M„,^ then the (z, j)-entry of a diag(i;i, . . . , Vm)oi* is equal to Y^'^=i c^ik^Vk, 
and hence 

(m \ * m 

k=l ) k=\ 

This shows that -D„ C M„(F)/i. It is obvious that D„ is closed under taking 
multiples with non- negative real numbers. If 

Q;diag(vi, . . . ,Vm)ot , /3diag('u;i, . . .,Wk)P* G -D„ 

then 

adiag(fi, . . . ,Vm)a* + f3diag{wi, . . . ,Wk)f3* 
= [a (3]diag{vi,..., Vm,wi,... ,Wk)[a /?]* G ; 

in other words, is a cone. If adiag(ui, . . . ,Vra)o:* G Dn and /? G Af^^^ 
then 

P{adiag{vi, . . . ,Vm)a*)P* = (/?a) diag(vi, ... ,v^) (/?«)* G D^, 
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SO {Dn}^=i is compatible. It is clear that Di = V^. Lemma ISTOl now implies 
that DJf^^ C Dn for each n G N. 

On the other hand, iivi, . . . ,Vm & then diag(7;i, . . . , v^) = YlT^i 
Vi G D^'^^. By the compatibility of (-0™'*'^)$^!, for any a G Mn,m we have 
that 

ad[ag{vi,...,v^)a* G Z)^^^ 

for every a G Mn,m- Thus, Dn ^ D^'^^ and (ii) is estabhshed. 

We claim that e„ is an order unit for D^'^^. Let w G Mn(y)h. Assume 
first that w = a v, where a G {Mn)h and v G V/j. Write a = ai — 02 and 

= f 1 — t>2, where Oj G M+ and G V'^ , i = 1,2. Then 

a (g) = oi (g) — ai (g) t;2 — 02 (8) fi + a2 <8i ^2- 
Let r, s G M"*" be such that 

—rin < ai < rin, se±Vi G F^, i = 1,2. 
Then rse„ - (zboj G -D™'''' and so 4rse„ - u; G D™''''. 

Now let w G M„(F)/i be arbitrary. By Lemma [3771 tt; = Ylf=i^j ® ^j; 
where aj G {Mn)h and G V/^, j = 1, . . . , A^. The claim now follows from 
the previous paragraph. 

Suppose that V = {Pn}'^=i is a matrix ordering on (y, y+,e). If we let 
W = {V, V) then, by Theorem [331 the identity map from W to OMIN(y) is 
completely positive and hence V is stronger than in other words, 

Pn C C™*", for all n G N. The inclusion D'^''''' C P„ follows from Lemma[321 
In particular, Z)^^^ C C^'"^, and hence Z)^^^ n -DJf^^ C C?^'"^ n -C^'"" = 
{0}, n G N, which shows that V^^^iV) is a matrix ordering. 

Finally, if ^ G Mn{V)h, then there exists r > 0, so that re„ + A G D™'''' 
and hence, re^ + j4 G Pm so that is an matrix order unit for V. □ 

Remark 3.11. Inspection of the above proof shows that Proposition 13. lOT ii) . 
as well as the inclusion W^^^iV) C P„, hold for matrix ordered *-vector 
spaces not necessarily possessing an order unit. Furthermore, the above re- 
sults show that among all matrix orderings on an AOU space {V, , e), the 
matrix ordering is the strongest while C™™(y) is the weakest. Also, 

^min^y-j jg simultaneously the weakest among all operator system structures 
on iy,V~^ ,e). If e was an Archimedean matrix order unit for the matrix 
ordering T>^^^{V), then we would also have that TD'^^^iV) is the strongest 
operator system structure on V. Unfortunately, this is not generally the case 
and we sketch in the details of an example in the next remark. Thus, gen- 
erally, (y,T)'^^^{y),e) is not an operator system. For this reason we need 
to discuss the Archimedeanization process for matrix ordered spaces. This 
theory was developed in detail for ordered *-vector spaces in [KT, §2.3 and 
§3.2]. 

Remark 3.12. Let V = C([0, 1]) denote the vector space of continuous 
complex-valued functions on the unit interval, with the usual cone of 
positive functions and e the constant function taking value 1, and let P{t) = 
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{^-2mt ^ 1 € Af2(y)/i. It can be shown by a rather long calculation that 

/ 1 _)_ 7. e^'^** \ 

for every r > 0, we have that re2 + P{t) = ( ^-2mt _|_ ^ j ^ Df^^i^)-! ^"^^ 

P{t) ^ ^^{V). This shows that e = 1 is not an Archimedean matrix order 
unit for the matrix ordering We sketch the proof of these claims. 

To see the second claim, one assumes that P{t) = X^jLi Qj ®Pj{^) with 

= e M+ and pj{t) € V+ , for ah j. Thus, 1 = Y.%i (^jPji^) = 

^1^=1 '^jPj{^)i while e^'^** = Yl^=i ^jPj{^)- Oii^ uses the fact that \hj\^ < ajcj, 
to show that this set of equalities is impossible. 

To show that re2 + P & Z)™'^^(y), for every r > 0, one first shows that 
for every e > 0, there exists Q £ Z)f^^(F), with \\P{t) - Qit)\\M2 < e for all 
t. Then one shows that H £ M2{V)h and < e for all t, implies that 

4ee2 + H e L>f^^(y). Hence, rea + P = [res + {P - Q)] + Q £ L>f^^(F), 
where Q is chosen as above for e = r/4. 

We describe the Archimedeanization process for matrix ordered spaces 
below in somewhat more detail than is needed for the special case of 
since the general results are likely to be useful for other situations as well. 

3.1. The Archimedeanization of a matrix ordered *- vector space 
with a matrix order unit. It was shown in \10\ §3.2] that for any or- 
dered *-vector space {V,V^) with order unit e, there is a functorial way 
to produce an AOU space, called the Archimedeanization of V, which is 
the largest quotient of V containing the class of e as an Archimedean or- 
der unit. Specifically, if (y,V~^,e) is an ordered *-vector space with or- 
der unit e, we define D := {v £ Vh ■ re + v £ V'^ for all r > 0} and 
N := Pi ker/. Then N is a complex subspace of V closed under the 
f&S{V) 

*-operation, so that the quotient V/N is a *-vector space in the natural 
way and {V/N)h = {v + N : v £ V/j}. We define an order on V/N by 
(y/N)~^ := {v + N : V £ D}. The Archimedeanization of V is defined to be 
^Arch := {V/N, {V/N)+,e), and it is shown in Theorem 3.16] that VArch 
is an AOU space that is characterized by the following universal property: 
the quotient g : F — > VXrch is a positive linear map and whenever (W, ,e') 
is an AOU space and (j) : V ^ W is a unital positive linear map, there exists 
a unique positive linear map (j) : VArch W with (p = (p o q. 

^Arch 



^ 

V >w 

Here we shall generalize this construction to matrix ordered *-vector 
spaces containing a matrix order unit. 
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Definition 3.13. Let {V,{Cn}'^=i) be a matrix ordered *-vector space with 
matrix order unit e. For each n G N define Nn := ker/. Note 

feS{Mn{v)) 

that using the notation of the previous paragraph, we have N = Ni. 

Lemma 3.14. If{V, {Cn}^^^) is a matrix ordered *-vector space with matrix 
order unit e, then for each n gN we have Nn = Mn{N). 

Proof. If ^ = {ak,i)k,i £ ]^n, then every state on M„(y) annihilates A, and 
consequently every positive linear functional on Mn{V) annihilates A. If s : 
y — > C is any state on V and P = {pk,i)k,l £ positive matrix over 

C, then the map sp : Mn{V) C given by sp{{xk,i)k,i) ■= Yjk,i s{pk,iXk,i) is 
a linear functional on Mn{V). Furthermore, we can argue that sp is positive 
as follows: Any rank one positive matrix P G M„ has the form P = a*a for 
a £ Mi^n: and for any X = {xk^i)k,i ^ C'„, we have that a*Xa G Ci. Hence 
sp{{xk,i)k,i) = T.k,i ^iPk,iXk,i) = s{J2k,i'^kXk,ial) = s{a*Xa) > 0. Since 
any positive matrix P G M„ is the sum of rank one positive matrices, the 
linearity of s shows that sp{{xk,i)k,i) > for all P G and all {xk,i)k,i £ 

It follows that s[A) = 0, and s(X^fc iPk,iO'k,i) = for every state s : V ^ C 
and every positive matrix P = {pk,i)k,i S M^. If we choose 1 < k < n, and 
let D be the diagonal matrix with a 1 in the {k, k) position and zeroes 
elsewhere, then D G and sd{A) = s^af^^^) = so that 

(3.1) s{ak^k) = for all states s : V ^ C 

Furthermore, if we choose 1 < k,l < n and let a G Mi^„ be the row vector 
with a 1 in the k^^ position, a 1 in the l^^ position, and zeroes elsewhere, then 
P := a*a G M+. Since P has I's in {k,k), {k,l), {l,k), and (1,1) positions, 
and zeroes elsewhere, we see that sp{A) = s{ak,k)+s{ak^i) + s{ai^k)+s{ai^i) = 
0. Using (j3.ip we see that 

(3.2) s{ak^i) + s{aik) = for all states s : V ^ C 

Similarly, if we let (3 G Mi^n be the row vector with a 1 in the k^^ position, 
an i in the l^^ position, and zeroes elsewhere, then Q := j3*[5 G . Since 
Q has 1 in {k,k) and (/,/) positions, i in the {k,l) position, —i in the {l,k) 
position, and zeroes elsewhere, we see that sp{A) = s{ak,k) + is[ak^i) — 
isiai^k) + s{ai^i) = 0. Using ()3.2p we see that 

(3.3) is{ak^i) — is{ai^k) = for all states s -.V ^ C 

It follows from (j3.2p and (j3.3p that for any 1 < fc, / < n it is the case that 
s{ak,i) = for ah states s : F ^ C. Thus ak,i G N and A G M„(iV). Hence 

Nn t Mn{N). 

For the converse, suppose that A = {ak,i)k,i £ Mn{N). Let s : Mn{V) — > 
C be a state on Mn{V). For 1 < k,l < n define Sk,i : ^ C by 
Sk,iiv) '■= s{Ekj (8) v), where Ek^i is the matrix with a 1 in the (fc, Z) posi- 
tion and zeroes elsewhere. Then the Sk/s are linear functionals and 5(^4) = 
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Sfc I Sk,i{cLk,i)- Choose 1 < k < n. For any v G = Ci we see that the ma- 
trix diag(0, . . . , 0, f , 0, . . . 0), with a u in the (A;, k) position is positive since 
diag(0,...,0,?;,0,...0) = (0, . . . , 0, 1, 0, . . . 0)*(t;)(0, . . . , 0, 1, 0, . . . 0) G C„. 
Thus Sfc,fc(f) = s(diag(0, . . . , 0, 0, . . . 0)) > 0. Hence Sk^k : ^ ^ C is a 
positive hnear functional. It fohows that 

(3.4) Sk,k{x) = for ah x^N. 

In addition, if 1 < fc, Z < n and v G = Ci, then the matrix P G M^iy) 
with V in the (fc, fc), (fc, Z), (/, /c), and {I, I) positions, and zeroes elsewhere, is 
an element of C„. It follows that Sfc^fc(?;)+Sjt^/(t;)+s/^fc(f)+Si^;(v) = s{P) > 0. 
Thus Sk,k + Sk,i + + si^i is a positive linear functional. It follows that 
Sk,kix) + Sk^i{x) + si^k{x) + si^i{x) = for all x £ N, and using (|3.4p we have 
that 

(3.5) Sk^i{x) + si^kix) = for all x £ N. 

Similarly, &x I < k,l < n. U v e V+ = Ci, then the matrix Q G M„(y) 
with v in the {k,k) and (Z,Z) position, iv in the (A;,/) position, —iv in the 
(/,A;) position, and zeroes elsewhere, is an element of C„. It follows that 
Sk,kiv)+isk,iiv)-isi^kiv)+si^i{v) = s{P) > 0. Thus Sk,k+isk,i-'isi,k+si,i is a 
positive linear functional. It follows that Sk^k{x)+isk,i{x)—isi^k{x)+si^i{x) = 
for all X G A*", and using (|3.4p we have that 

(3.6) isk^i{x) — isi^k{x) = for all x G N. 

It follows from (13. 5|) and (13. 6p that Sk,i{x) = for all x G A^. Therefore, 
since A = {ak,i)k,i G Mn{N), we have that s(^) = Xlfc,; Sk,i{ak,i) = 0. Hence 
^ G iV„. Therefore M„(iV) C iV„. ' □ 

Suppose that V is a matrix ordered *- vector space with matrix order unit 
e. As before, A^ is a *-subspace of V, the quotient V/N is a *- vector space in 
the natural way, and {V/N)h = {v+N : v G Vh}- Furthermore, we may iden- 
tify Mn{V/N) with Mn{V)/Mn{N), and we see that {MniV)/Mn{N))h = 
{A + Mn{N) : A* = A}. Moreover, for any X G M„,m(C) we have that 
X*MniN)X C Mm{N). We also see that (e + N)n = + Mn{N). 

Definition 3.15. Let {V,{Cn}'^=i,e) be a matrix ordered ^-vector space 
with matrix order unit e. Set 

C^"''' := {A + Mn{N) G Mn{V)/Mn{N) : 

{ren + A)+ Mn{N) G C„ + Mn{N) for all r > 0}. 

and let V^ch := {V/N, {Ct''''}^=i.e + N). 

Proposition 3.16. Let {V, {C^IJ^i) he a matrix ordered ^-vector space with 
matrix order unit e. Then VArch = {V/N, {C^'^^^}'i^^i,e) is a matrix ordered 
*-vector space, and e+N is an Archimedean matrix order unit for this space. 
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Proof. By identifying, Mn{V/N) with M„(y) /Mn{N) we may use LemmaETH 
to conclude that for any n G N we have 

(MniV/N), C^'^^^ e„ + M„(iV)) = (M„(y)/iV,, C^'^^^ e„ + iV„). 

Thus we see that (M„(y/7V), C^'^^'', e„ + M„(7V)) is the Archimedeanization 
of the matrix ordered space {Mn{V), Cn, e„) (see [lOl Definition 3.15]). Since 
the Archimedeanization is an AOU space, this imphes that C^'''^^ is a cone, 
Cn'''^ n -C^"''^ = {0}, and e„ + Mn{N) is an Archimedean order unit. 

Ah that remains is to show that the family {C^'^^^}'^^^ is compatible. 
Suppose that A G C^^-ch g^^^ x G M„,^(C). Since X*e„X G Mm{V) 
and e is a matrix order unit, it follows that there exists ro > such that 
roCm - X*enX G Cm- Since A G C^^^^^ we have that (re„ + A) + M„(A^) G 
Cn + Mn{N) for all r > 0. Hence for any r > we have that 



By adding rCm — (r/ro)X*e„X = (r/ro)(roem - ^*e„X) G C^^ to this 
element we obtain 

[rem + X*AX) + M„(iV) G + M„(iV). 

Since this holds for all r > we have that X* AX + Mm{N) G C^"""^, 
and it follows that X*C^''''^X C C^'"""^. We thus conclude that ^Arch = 
]^ , e) is a matrix ordered *-vector space with Archimedean 
order unit e + A^. □ 

Remark 3.17. As described in the proof of Proposition 13 . 16} it is useful to re- 
alize that the Archimedeanization of a matrix ordered space iy, {C^jJ^i, e) 
is obtained by forming the Archimedeanization of (M„(y), C„, e„) at each 
matrix level. 

In addition, we have the following matricial version of [101 Theorem 3.16]. 

Theorem 3.18. Let {V, {Cn}'^=i, e) be a matrix ordered *-vector space with 
matrix order unit e, and let VArch be the Archimedeanization of V with 
Archimedean matrix order unit e + N . Then there exists a unital surjec- 
tive completely positive linear map q : V ^ VXrch with the property that 
whenever {W,{Cn}'^^i,e') is an operator system with Archimedean order 
unit e' , and cp : V ^ W is a unital completely positive linear map, then 




-en + A]+ Mn{N) G C„ + Mn{N) 



and since X*CnX C C^ and X*Mn{N)X C Mm{N) we have 
X* (-en + a\x + Mm{N) G C„ + Mm{N) 



or 
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there exists a unique completely positive linear map (p '■ ^Arch — *■ W with 
(p = (p o q. 

T "x^ 

V >W 

Moreover, this property characterizes VArch- if is any ordered *-vector 
space with an Archimedean order unit and q' : V ^ V is a unital surjective 
positive linear map with the above property, then V is isomorphic to VArch 
via a unital complete order isomorphism. 

Proof. Letq:V^ V/N be the quotient map q{v) = v+N. Let (W, {C^I^J 
be an operator system with Archimedean order unit e', and (j) : V ^ W he 
a unital completely positive linear map, and choose any v (z N. We see 
that for any state f : W ^ C the map / o0:l/— >Cisa state on V, and 
hence by the definition of we have that /(</>(u)) = 0. Since {W,C[,e') is 
an AOU space and f{(j)[v)) = for all states / : — > C it follows from 
|101 Proposition 3.12] that </>(t;) = 0. Hence (p vanishes on A^, and the map 
4> '. V/N — > W given by (p{v + N) = (p{v) is well defined and makes the above 
diagram commute. Note also that (pn{A + Mn{N)) = 4>n{A). 

Furthermore, if ^ + M„(A) G C7^=^^i>, then (re„ + A) + Mn{N) G C7„ + 
Mn{N) for all r > 0. Applying cpn gives that re^ + (pn{A) G for all 
r > (recall that (p is completely positive so that (pn{Cn) ^ C^)- Since e' is 
an Archimedean matrix order unit, this implies that (pniA) G and thus 
(pn{A + Mn{N)) G C^. Hence (p is completely positive. 

Finally, to see that (p is unique, simply note that any ip : VArch W 
that makes the above diagram commute would have ^{v + N) = ip{q{v)) = 
(p{v) = (p{q{v)) = (p{v + N) so that ip = (p. 

The fact that VArch is characterized up to unital complete order isomor- 
phism by the universal property follows from a standard diagram chase. □ 

Remark 3.19. The special case that is of interest to us is the case when 
{y, {Cn}'^=iTc) is a matrix ordered *-vector space with matrix order unit 
e, and (V, Ci,e) is an AOU space. In this case, since e is an Archimedean 
order unit for the ground level n = 1, we have that N = {0}, V/N = V , and 
(J Arch _ (j^ Furthermore, for the higher levels n > 2, the fact that N = {0} 
shows that (7^^^=^ = {vl G M„(y) : re^ + ^ G C„ for ah r > 0}. Thus we see 
that in this case each C^^^^ is obtained by enlarging C„. We shall show in 
the next proposition that each C^"^^^ may be viewed as the closure of Cn in 
the order topology on Mn{V). 

Proposition 3.20. Let {V, {Cn}'^=i) he a matrix ordered *-vector space with 
matrix order unit e, and suppose that {V, Ci, e) is an AOU space. Then V^rch 
is the operator system with underlying space V, matrix ordering {C^^^^}'^^i 



16 



V. I. PAULSEN, I. G. TODOROV, AND M. TOMFORDE 



given by Ci = Ci and 

C^'-c^ := {A € Mn{V) -.ren + AeCn for all r > 0} forn> 2, 

together with the Archimedean matrix order unit e. In addition, each C^''*^^ 
is equal to the closure of Cn in the order topology on Mn{V). 

Proof. The fact that VArch is equal to V with the matrix orderings given 
above fohows from Remark 13.191 Thus we need only show that C^'^'^^ is 
equal to the closure of C„ in the order topology on Mn{V). Since Mn{V)h is 
closed in Mn{V) in the order topology, and Cn C Mn{V)h, it suffices to show 
that Cn'^^^ is equal to the closure of Cn in the order topology on Mn{V)h- 
However, this follows from [101 Theorem 2.34]. □ 

We now return to the case of interest. 

Definition 3.21. Let {V,V+,e) be an AO U space. We set 

^max(y) = e Mn{V) : re„ + ^ G ^T'C^) for all r > 0}, 

OMAX(y) = (F,C'^^^(F),e). 

The following theorem summarizes the consequences of the above results. 
The last statement can be proved in the same manner as the last statement 
of Theorem 13.41 

Theorem 3.22. Let {V,V+,e) be an AO U space. 

(i) OMAX(y) is an operator system structure on {y,V~^ ,e). 

(ii) If {V, {-PnjJ^i, e) is any operator system structure on (V, , e), then 

(iii) If S is any operator system and (J) : V ^ S is a unital positive map, 
then (f) : OMAX(F) ^ S is completely positive. 

Moreover, ifV = {V,{Cn}n= 

i,e) is an operator system structure on V with 
Ci = and such that for every operator system W any unital positive 
map : V ^ W is completely positive, then the identity map is a unital 
complete order isomorphism from V onto OMAX(y). 

4. The Matricial State Space 

A matricial order on a *-vector space induces a natural matrix order on 
its dual space. In this section we describe the correspondence between the 
various operator system structures that an AOU space can be endowed with 
and the corresponding matricial state spaces. Unfortunately, duals of AOU 
spaces are not in general AOU spaces, but they are normed *-vector spaces. 
As was shown in ITU], the order norm on the self-adjoint part Vh of an AOU 
space V has many possible extensions to a norm on V, but all these norms 
are equivalent and hence the set of continuous linear functionals on V with 
respect to any of these norms coincides with the same space which we shall 
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denote by V. For a functional f G V we let /* € V be the functional given 
by f*{v) = f{v*); the mapping f ^ f* turns V into a *-vector space. 

Definition 4.1. Given an operator system structure {Pn}'^=i on an AOU 
space {V,V^,e), set 

P^ = {f : M„{V) ^ C : / linear and C M+}. 

Given f G P^, we define fij : V ^ C, by fij{v) = f{v (g) Eij). 

Lemma 4.2. Given an operator system structure {Pn}^=i on an AOU space 
(V, V~^, e) and f G then the Junctionals fij from Definition \4-l\ belong to 

v. 

Proof. Since C^J^^^ C P„ C C^i'i, we have that {C^''")'^ Q Pn ^ (C™^^)'^, so 
it suffices to prove that fk,i G V, whenever / G {C^'^^)'^. 

Note that Cf'^'' = F+, so we must first show that {V+Y C V'. To this 
end, let / : y ^ C with > 0. Let /(e) = t > 0. Then for any 

V G Vh with —re < v < +re (r > 0), we have that —rt < f(v) < +rt. 
Hence \f{v)\ < t\\v\\m, and it follows that / is continuous on Vh- Since every 
element v (zV can be written in the form v = + i and the mapping 

V ^ V* \s continuous, we have that f (zV . 

Next, if / G {C^^^Y s-iid v then by the definition of C^^^ we have 

that V ® Ek,k G Cr"- Hence, fk,k{v) > 0- Thus, fk,k G {V+f C V'. 

Finally, one checks that if w G , then the four elements, v ® {E^^k + 
Ek,i + Ei^k + Ei^i),v^ {Ek,k - Ek,i - Ei^k + Ei^i),v^ {Ek,k + iEk,i - iEi^k + Ei^i), 
and V ® {Ek^k — iEk^i + iEi^k + Ei^i) are all in C™*™, from which it follows 
that fk,k + fk,i + fi,k + fi,i, fk,k — fk,i — fi,k + fi,i, fk,k + ifk,i - ifi,k + fi,i, and 
fk,k - ifk,i + ifi,k + fi,i are aU in Thus, fk,i G V, by taking linear 

combinations. □ 

Identifying each f G P!^ with (/jj) G M„(y), we shall regard P^ as 
sitting inside M„ (!/'). Conversely, we identify (/jj) G M„(y) with the 
linear functional / : M„(y) C, given by f{{vij)) = Y^- j fi,j{vij). 

Theorem 4.3. Let {Pn}'^^i be an operator system structure on the AOU 
space {V,V^ ,e). Then {P^}^]^ is a matrix ordering on the ordered *-vector 
space V with Pf = (V~^Y. Gonversely, if {Qn}'^=i, is any matrix ordering 
on the *-vector space V' with Qi = {V~^Y ^'^'^ set 

<^Q^ = {vG Mn{V) : f{v) > for all f G Q„}, 

then {'^Qn}'^=i is an operator system structure on {V,V^,e). 

Proof. We leave it to the reader to check the first claim and we focus on the 
proof that {'^Qn} defines an operator system structure on (V,V~^,e). First, 
note that '^Qi = V+_ 

Let us denote by Y the transpose of the adjoint Y* of a matrix Y G Mn^m- 
It is easy to see that each '^Qn is a cone in Mn{V). We now show that 
'^Qn n {—'^Qn) = {0}. Let V = (vij) be in the intersection and let s G 
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S{V) C (V^)'^. Let X be the column vector with entries ai, . . . , a„ £ C (in 
this order). Since XQiX* C Q^, we have that / = (ajsoj) € Qn- Hence, = 
f{v) = j ais{vij)7xj. But this latter quantity is equal to {{s{vij))X , X). 
Since X was an arbitrary vector, we have that (s(fi.j)) = 0, and since s was 
arbitrary and the states separate points in V [lOt. Proposition 3.12], we have 
that {vi,j) = 0. Thus '^Qn n {-'^Qn) = {0}. 

Fix X G Mn,m{C). We show that X*{'^Qn)X C "^Q^. To this end, observe 
that ^v^ivij) G '^Qn and / = ifk,i) G Qm, then fiX*vX) = (XfX*){v) > 
0, since XfX £ Qn and the family {Qn}^=i is a matrix ordering. Thus, 
we have shown that the family {'^Qn}'^=i is a matrix ordering. It follows 
from Proposition 13.101 (iiil that e is a matrix order unit for {'^Qnj^i- 

Finally, to see that e is an Archimedean matrix order unit, observe that 
if u G MniV) and re„ + ve ''■Qn for ah r > 0, then rf{en) + /(v) > for 
all r > and all / G Qn- Hence f{v)>0 for all / G Qn, and it follows that 

V G '^Qn. □ 

Note that the weak*-topology on V' endows Mn{V') with a topology 
which coincides with the weak*-topology that comes from the identification 
of Mn{V') with the dual of Mn(y). Thus, we shall refer to this topology, 
unambiguously, as the weak*-topology on Mn{V'). 

Theorem 4.4. Let {V,V~^,e) be an AOU space. The mappings Pn — > Pn 
and Qn —>■ '^Qn establish a one-to-one inclusion-reversing correspondence 
between operator system structures {Pn}^=i on {V, V~^, e) and matrix order- 
ings {Qn}'^=i on V with Qi = {V'^)'^ for which each Qn is weak*-closed. 

Proof. It suffices to show that "^{Pn) = Pn and C^QnY — Qn, which follows 
from a standard dual cone argument. □ 

Remark 4.5. In Theorem 14.81 we identify the dual cones of the minimal and 
maximal matrix orderings. Although the cone Q™™ defined below is not 
weak*-closed, we show in Theorem 14.81 that '^Q™™ = C™™, from which it 
follows that (C™'"^)"' is the weak*-closure of Q™'"^. 

Definition 4.6. Let (F, F+,e) be an AOU space. Set 

Qf'' = {X*GX : X G M„,„,G = diag(gi, . . . ,5m),5^ G G N} 

and 

= {(ki) e Mn{V') : {f,,,{v)) G M+ for all v G V+}. 

Remark 4.7. Using the same technique as the one used in the proof of Propo- 
sition [3TT0]|^ii) , one easily shows that 

k 

Qn " = {Y.Pi^9i-9i& (V^)'', PieM+,i = l,...,k,ken}. 

i=l 

Theorem 4.8. Let iV,V+,e) be an AOU space. Then '^Q™'^ = C;fi° and 

^^max^d _ Qmax 
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Proof. It is easily checked that both {Q™™} and {Q^^^} are matrix orderings 
on V with Qf'' = = {V+f. 

Let V = {vij) G C^f^'^, and let / = X*GX G Q'^'''. Then f{v) = 
G(XvX*) = J2i9iiwi,i), where (wij) = XvX* G C^"\ But this sum is 
non-negative since Wi,i G for each i. Thus C™™ C '^Q™™, and equal- 
ity follows from the fact that they are both operator system structures on 
{V, V~^, e) and C™™ is the largest possible. 

Let / = (/ij) G (C^^^)*^, let v G y+, and let X = (ai, . . . , a„) G Mi,„(C). 
Then {ifij{v))X*,X*) = Eij fijiv)aiaj = /{XvX*) > 0. Since X was 
arbitrary, this shows that {fij{v)) G M+, and since v was arbitrary, (/jj) G 
Q™''^. Thus (C;f^^)'^ C Q™^^. But since {'^Q^''''} is an operator system 
structure, we have that C^'^^ C '^Q^f'^^, and hence C^QJf^^)^ C (C^f^^)^. On 
the other hand, Q™^^ is easily seen to be weak*-closed. Hence ('^Q™'^^)'^ = 
Q™'^^, and equality follows. □ 



5. Comparison of various structures 



Given a unital C*-algebra or, more generally, an operator system S, at 
ground level it is an AOU space, so we may form new operator systems, 
0MIN(5) and 0MAX(5). Also, since it is a normed space, we may form 
the operator spaces MIN(5) and MAX(5). In this section, we compare 
these structures, describing when they are identical and, more generally, 
when the identity map between these various structures is a completely 
bounded isomorphism. We have already seen one result of this type: Propo- 
sition [3]6] states that, for every AOU space (y,y+,e), the identity map from 
MIN(14nin) to OMIN(F) is a complete isometry. We begin by identifying 
the norm structure on OMAX(y). 

In [101 §4] three norms on AOU spaces that extend the order norm || • || on 
the self-adjoint elements were studied: the minimal novm II ' llm; the maximdl 
norm \\ ■ \\m-, and the decomposition norm \\ ■ \\dec- We have encountered the 
minimal and maximal norms earlier. The decomposition norm is given by 
the following formula: for v (zV, we set 



ll'lldec 



inf 



: V = XjVj with Xj G C and Vj G 



The following result shows that the decomposition norm is the largest norm 
to come from an operator system structure on V. 

Proposition 5.1. Let {V,V~^,e) be an AOU space. Then for v ^ V, we 
have that 

(5.1) ll^lldec = IblloMAX(y) = sup{||(/)(?;)|| : cj) : V ^ B (H)} , 

where the supremum is taken over all Hilbert spaces and all unital positive 
maps (p. 
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Proof. Suppose that (p : V ^ B{H) is a unital positive map. By Theo- 
rem 13. 22^ (j) is completely positive as a map from OMAX(y) into B[H) 
and hence it is completely contractive. It follows that (p is contractive 
and hence ||</>(t')|| < ||^^||oMAX(v)) foi' each v ^V. On the other hand, if 
4> : OMAX(y) — > B{H) is a unital complete isometry then (p is completely 
positive and ||i'||oMAX(y) = 110(^)11 each v gV. The second equality in 
([5TD follows. 

Let (j) : V ^ B{H) be a unital positive map. 
V = Yli=i ^i'^^i where Vi G and Aj € C, i = 1, . . 
tion 5.10] and Theorem 13.221 we have 



Fix V € V and write 
, k. Using [ini Proposi- 



\Hv)\\b{h) 



< 



B(H) 



B{H) 





< 


k 

\wvi 




k 




BiH) 


i=l 


OMAX{V) 





Taking the infimum over all representations of v of the form v = XliLi ^^i^i; 

E y"*", and supremum over all unital positive maps 4> : V ^ B{H), we 
obtain that ||w||oMAX(y) < Iblldec- 

It remains to establish the inequality ||u||dec < ll'y||oMAX(i/)- Suppose that 

Then 



V £ V IS such that ||f ||oMAX(y) ^ 1- Then ( Ji g ) G C™^^. Consider first the 



e D ~ 
, I)* e , 



special case where the matrix ( 
there exist positive matrices aj = 

j = l,...,k, such that ( J* e ) = Ej=i «i 



lies in the smaller cone Z)™^^. 



A, ft- 



G M2 and elements f j € V^^ 
i f j . This implies that 



3 '^3' 



.7 = 1 



We will show that 



(5.2) 



El A. I 



< 1. 



Conjugating each aj by a diagonal unitary, it is easily seen that bj 



I A,. 



ft 



G M2+. Hence, 



max 
2 



If (/) : y — > C is any state, then 4> is completely positive on 0MAX(1/), 
and hence 02(^) € -^2^ from which it follows that \4'{Yl^=i — ^• 

Taking the supremum over all states (p, we obtain || J2j=i l-^jl'^jll ^ 1) ^^'^ 
consequently ||f ||dec < 1- 
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Now consider the general case ( g ) G C^^^. By Definition 13.211 we have 



that (^'■+3^" G Df'^^ for each r > 0. Thus, ) G I); 

for each r > 0. By the previous paragraph, 



1 

max 



< 1 for each r > 

dec 

which imphes that ||v||dec ^ 1- D 



Proposition 5.2. Lei X 6e a compact Hausdorff space and let C{X) be the 
C* -algebra of continuous functions on X. Then the identity map is a com- 
plete order isomorphism between C{X),OMIN{C{X)) and OMAX(C(X)). 

Proof The identification of C{X) with OMIN(C(X)) follows from the fact 
that every unital positive map from an operator system into C{X) is com- 
pletely positive ^ Theorem 3.9] and the characterization of OMIN(C(X)) 
given in Theorem [331 The identification of C{X) with OMAX(C(X)) fol- 
lows from the fact that every unital positive map from C(X) into an operator 
system is completely positive [91 Theorem 3.11] and the characterization of 
OMAX(C(X)) given in Theorem [3221 □ 

Proposition 5.3. Let S be an operator system. Then the identity map 
from 0MIN(5) to S is completely bounded with \\ id \\cb = C if and only if 
for every operator system T, every unital positive map from T into S is 
completely bounded and the supremum of the completely bounded norms of 
all such maps is C. 

Proof. Assume that the map id : 0MIN(5) ^ 5 is completely bounded. 
Given a unital positive map cp : T ^ S, we may write (p = id 07, where 7 is 
the same map as (p but with 0MIN(5) regarded as its range. Since 7 is unital 
and positive, by Theorem l3.41 it is unital and completely positive, and hence 
it is completely contractive. Thus, (p is the composition of two completely 
bounded maps and hence is completely bounded with ||(/'|[cfe < || id ||cf) = C. 
The converse implication follows by taking T = OMIN(<S) and (p = id. □ 

Proposition 5.4. Let S be an operator system. Then the following are 
equivalent: 

(i) the identity map id from S to 0MAX(5) is completely bounded with 
II id llcfe = C; 

(ii) for every operator system T, every unital positive map from S into T 
is completely bounded and the supremum of the completely bounded 
norms of all such maps is C; 

(iii) for every Hilbert space H, every unital positive map (p from S into 
B{IL) decomposes as a difference of two completely positive maps 

(p = (pi — 02) 0''^d 

C = sup0 inf{|l(^i(e) + 02(e)|| : cp = cpi - (P2} 

where the supremum is taken over all unital positive maps (p : S ^ 
B{IL) and the infimum over all decompositions of (p with (pi and (p2 
completely positive. 
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Proof. The equivalence of (i) and (ii) is similar to the last proof. The equiv- 
alence of (ii) and (iii) follows by first observing that the arbitrary opera- 
tor system T in (ii) can be replaced by B{H) for some H, since every T 
embeds into some B(H). Then by Wittstock's decomposition theorem [9l 
Theorem 8.5], a unital positive map is completely bounded if and only if it 
decomposes as a difference of completely positive maps and the infimum of 
||(/)i(e) -|- (/>2(e)|| over all such decompositions is equal to |[(/)||c6. □ 

Proposition 5.5. Let X be a compact Hausdorff space and let S C C{X) 
be an operator system of codimension n < oo. Then the identity map from S 
to 0MAX(5) is completely bounded with completely bounded norm at most 
2n + l. 

Proof. By [9, Lemma 11.9] (see also [4J) for every e > 0, there exists a 
completely positive map (j) : C{X) S with \\(j)\\cb < n-|-l-|-e and a positive 
linear functional s : C{X) C with < n + e such that x = (p{x) — s(x)l, 
for every x & S. Now if T is an operator system and ip : S ^ T is a unital 
positive map, then ip{x) = ip o (j)[x) — s{x)l. Hence ||^||cf) < Wi^ ° 0||cfe + 
Since iljocj) : C{X) — > T is positive, it is completely positive and H^/'o^Hc^ = 
||V'°0(1)II < ll'?^(l)ll < ra-l-l-l-e. Thus we have that ■0 has completely bounded 
norm at most 2n + l + 2e. The proof is completed by letting T = 0MAX(5) 
and letting tp be the identity map. □ 

If is a normed space, the identity map from MIN(VF) to MAX(I^) is 
completely bounded if and only if W is finite dimensional [8J. However, by 
the above results we see that there are plenty of infinite dimensional operator 
systems for which MIN(5) = 0MIN(5) and the identity map from 0MIN(5) 
to 0MAX(5) is completely bounded. Thus, in general, the identity map 
from 0MAX(5) to MAX(5) will not be completely bounded. In fact, we 
have the following characterization of when this happens: 

Proposition 5.6. Let iy,V~^,e) be an AOU space. Then the identity map 
from OMAX(y) to MAX(14nin) is completely bounded if and only if for every 
Hilbert space H, every bounded map (j) : Vuim B{H) decomposes as 

= (01 - 02) + i{<p3 - 04) 

where each 0j : y — > B{H) is positive. 

Proof. Assume that the decomposition of bounded maps holds, and suppose 
that MAX(14nin) ^ B{H) completely isometrically for some Hilbert space 
H. Let : Vrain — ^ MAX(Vtnin) be the identity map and let (f>j be a positive 
mapping for j = 1, 2, 3, 4, and such that = (0i — 02) -|- i(03 — 04). Since 
each 0j is positive, cpj : OMAX(y) B{H) is completely positive and 
hence completely bounded for j = 1,2,3,4. Hence : OMAX(y) — > B{H) 
is completely bounded. 

Conversely, if the identity map from OMAX(y) to MAX(Vniin) is com- 
pletely bounded and : Vaan — > B{H) is bounded, then : MAX(yinin) — > 



OPERATOR SYSTEM STRUCTURES 



23 



B{H) is completely bounded and hence (j) '■ OMAX(y) — B{H) is com- 
pletely bounded. Applying Wittstock's decomposition theorem, we have 
that (/) = (01 - (/)2) + «((/)3 - (/)4), where each (jyj : OMAX(y) B{H) is 
completely positive and hence positive as a map from V into B{H). □ 

6. Entanglement breaking maps 

In Quantum Information Theory entangled states and separable states 
are important objects of study and there is interest in maps which are "en- 
tanglement breaking" (see [5j, [6J and [2j). In the present section we review 
these concepts, relate them to our constructions of minimal and maximal 
operator system structures, and discuss some generalizations. 

If n € N, we will be interested in three operator system structures on M„: 
the minimal operator system structure OMIN(M„), the maximal operator 
system structure OMAX(M„), and the operator system structure, simply 
denoted M„, arising from the identification of M„ with B {€■"'). The cone of 
positive elements of M„ for any of these operator system structures coincides 
with the set of all positive definite matrices in M„. 

A state s : Mn®Mm ^ C is called separable if it is a convex combination 
of tensor states; i.e., if there exist I € N, states Sj : M„ C, states ti : 
Mm — > C, and real numbers > for i = 1, . . . ,1 with Yli=i = 1 
such that s = Y2\=i ^i^i ^ Note that if s is a state and fi : Mn — > C and 
gi : Mm C are positive linear functionals for i = 1, . . . ,1 with s = fi^Qi-, 
and if we set = fi{In)gi{Im), Si = {fi{In))~''fi, and ti = {gi{Im))~^ 9i, then 
Yl\=iri = 1, each si and each ti is a state, and s = Yl\=i''^i^i ® ^i- Thus 
a state is separable if and only if it is a sum of tensors of positive linear 
functionals. 

More generally, we shall call a positive linear functional (p.l.f.) / : M„ ® 
Mm C separable if it is a sum of tensors of positive linear functionals. 
The previous paragraph shows that these two definitions agree for states. 
We recall that, given a completely positive map (j) : —i- Mm, we denote 
by (t)n ■■ Mn ® Mk ^ Mn <S) Mm the map given by (j)n{{vi,j)) = {(j){vij)). If 
s : Mn ^ Mm — > C is a p.l.f., then s o 0„ : M„ M^. ^ C is a p.l.f. If 
s is a state and (j) is unital, then s o cpn is also a state. The linear map 
: Mfc — > Mm is called entanglement breaking if s o is a separable 
state for every state s : M„ Mm — »■ C and every n € N. 

In this section we relate entanglement breaking to the minimal and max- 
imal operator system structures studied in the previous sections. We also 
prove a duality result that explains some of the identifications that occur in 
this theory. We begin with a characterization of separable states. 

We identify M„ (g) Mm with Mn{Mm)- Let f : Mn® Mm C and write 
/ = {fi,j)i where /jj- : Mm — > C are determined by the relation /{(Bij)) = 

Proposition 6.1. Let f : Mn ^ Mm — > C 6e a positive linear functional. 
Then f is separable if and only if f : M„(OMIN(Mm)) ^ C is positive. 
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Proof. Without loss of generality, we may assume that / is a state. Us- 
ing the notation of Sections [3] and [4] and Remark 14.51 we have that / : 
M„(OMIN(Af„)) ^ C is positive if and only if / G (C;f''^(M„))'^, which 

occurs if and only if / G (5™™(Mm) . By Remark I3.1H this happens pre- 
cisely when / is the weak*-limit of separable positive linear functionals. By 
dividing each of those functionals by its norm, we may assume that each 
of them is a state, and hence that / is the weak*-limit of separable states. 
Since the separable states are the convex hull of a compact set, they are also 
a compact set by Caratheodory's theorem. □ 

We now turn our attention to a duality result. Recall that the dual of a 
matrix ordered space is again a matrix ordered space. Let 6ij : ^ C be 
the linear functional satisfying 



and let jn '■ Mn — > be the linear isomorphism defined by 7„(Sjj) = 5ij. 
The next result is certainly in some sense known, but the formal statement 
will be useful for us in the sequel. 

Theorem 6.2. The map 7„ : M„ is a complete order isomorphism of 

matrix ordered spaces. Consequently, (M^, (M^)"'",tr) is an AOU space that 
is order isomorphic to {Mn, , 1^), where In denotes the identity matrix. 

Proof. Let Aij € M^, i,j = 1, . . . , n. We must prove that Y^- ■ Ai j ® Eij G 
Mfc(M„)+ if and only if F = . G Mfc(M;) + . 

Writing F = {fr,s)r,s=i^ with each fr,s € M^, we have that F G Mk{M'^)+ 
if and only if the map F : M„ — > given by F{B) = [fr^s{B)) is com- 
pletely positive. By a theorem of Choi (see [HI Theorem 3.14]), F is com- 
pletely positive if and only if {F{Eij)) G M„(Mfc)+. However, {F{Eij)) = 
Si j ^ ^ij which shows that 7^ is a complete order isomorphism. 

Since 7„ is an order isomorphism, we have that {Mn, (M^)^, 7(1^)) will be 
an AOU space order isomorphic to (M„, M^,In). Finally, note that 7n(/„) = 



The AOU space {Mn, Mn ,In) gives rise to the minimal and the maximal 
operator systems OMIN(M„) and OMAX(M„) and their matrix ordered 
dual spaces, OMIN(Mn)' and OMAX(M„)'. On the other hand. Theorem 
[Q allows one to form the operator systems 0MIN(M4) and OMAX(M^) 
corresponding to the AOU space (M^, (M^)"*", tr). The following proposition 
explains the relationships between these objects. 

Proposition 6.3. The complete order isomorphism jn ■ Mn Mn gives 
rise to the identifications OMIN(M„)' = 0MAX(M4) = OMAX(M„) and 
OMAX(M„)' = 0MIN(M;) = OMIN(M„). 




1 when {i,j) = {k, I) 
when {i,j) 7^ {k,l) 



J2i = tr . 



□ 
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Proof. For clarity, let V = M'^ and observe that, by Proposition 13.101 (ii), 
Q^'"(M„) = D^^'^iV). As in the proof of Proposition EH we see that the 
unit ball of D'j^^^{V) is compact and by Krein-Smulian Theorem, D^''^^{V) 
is closed. Thus, D^''''{V) = C^''^(F). Thus, we have that g^''^(M„) = 
C^^^(F), and so Mfc(OMIN(M„)')+ = Mfc(OMAX(M;))+, and so the iden- 
tity map on yields a complete order isometry between the matrix or- 
dered space OMIN(M„)' and the operator system OMAX{M^). Now the 
complete order isomorphism 7 allows for the identification OMAX(M^) = 
OMAX(M„). 

The proof of the rest of the statement is similar. □ 

We can now prove the following. 

Theorem 6.4. Let (j) : Mm be a linear map. Then (p is entanglement 

breaking if and only if (f) : OMIN(Mfc) Mm is completely positive. More- 
over, if Mk = (Mfc, {Pn}'^=i, I) is any operator system structure on Mk with 
the property that for every m, a map (j) : Mk — > Mm is completely positive if 
and only if it is entanglement breaking, then the identity map is a complete 
order isomorphism from M^ to OMIN(Mfc). 

Proof If : OMIN(Mfc) Mm is completely positive, then (p' : M^ 
OMIN(Mfc)' is completely positive. Thus if / = {fij) G Mn{M^)+ , then 
{(p'ifij)) G M„(OMIN(Mfc)')+. By Proposition [O]' and the definition of 
OMA'x(M^), the state {(p'ifij)) on M„ Mk is separable. Thus, for every 
p.l.f. / on M„ Mm, we have that f o 4>n = {4>'Ui,j)) is a separable state. 

Conversely, suppose that cf) is entanglement breaking. Then {4>{fij)) be- 
longs to M„(OMIN(Mfc)')+ for every {fij) € Mn{M'm)'^ , and hence the 
map (p' : M'm OMIN(Mfc)' is completely positive. It follows that (p : 
OMIN(Mfc) Mm is completely positive. 

Finally, the last statement is equivalent to the assertion that the set of 
completely positive maps from OMIN(Mfc) into Mm and from Mk into Mm 
coincides for every m. This is equivalent to equality of the dual cones, i.e., 
that C™'°(Mfc)'^ = P^, for all m. By Theorem [331 the equality of the dual 
cones implies equality of the cones, i.e., (7™™(Mfc) = Pm, for all m, and 
hence the identity map is a complete order isomorphism. □ 

We can use the maps jn to identify the adjoint of a map between matrix 
algebras as a map between matrix algebras. 

Definition 6.5. For a linear map (j) '■ Mk — > Mm, we set 4^ = 7^"*^ o(p' o^m '■ 

Mm Mk. 

We note that the map cf)' differs from the map 0^ encountered in Quantum 
Information Theory. The difference has to do with the fact that our iden- 
tification of Mk and is linear instead of conjugate linear. If ^ € Mm,k, 
B € Mk^m and we define (j) : Mk ^ Mm by = AXB, then it is 

weU known that (/>t(y) = A*YB*. We will show that (p^Y) = A^YBK 
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First observe that if / : ^ C is written as / = Yli j ViJ^iJ so that 
%^(f) = y = ivij) € Mk, then for X = (xij) G M^., we have that 

/W = E.,,y.,,^^,/=tr(xy*). 

Write 4> = ifij), where /jj : Mfc C, i,j = l,...,m. We have 
that ^\E,^,) = 7-^ o </,'(5,j) = %\f,,,). Now = tri^iX)Ej^i) = 

tr{XBEj^iA) = tr{X (A^EijBy), and so (p\Eij) = A^EijB\ and the claim 
follows from the previous paragraph. 

Corollary 6.6. Let (j) : Mm be a linear map. Then <j) : — > 

OMAX(Mm) is completely positive if and only if cj)' : Mm M^ is entangle- 
ment breaking. Moreover, if Mm = [Mm, {^nj^i, I) is any operator system 
structure on Mm with the property that for every k, a map (p : — > Mm 
is completely positive if and only if (j)' is entanglement breaking, then the 
identity map is a complete order isomorphism from Mm to OMAX(Mm). 

Proof. We have that : M}^ — > OMAX(Mm) is completely positive if 
and only if (j)' : OMAX(Mm)' is completely positive. Using the 

identifications of Proposition 16. 3^ we see that this happens if and only if 
(f}' : OMIN(Mm) Mk is completely positive, which by Theorem 16.41 hap- 
pens precisely when (f)' is entanglement breaking. 

The last statement is equivalent to the assertion that for every k, the 
completely positive maps from Mk into Mm and from M^ into OMAX(Mm) 
coincide. Recall that a map (p '■ S, where S is an operator system, is 

completely positive if and only if {(p{Eij)) € Mk{S)~^ . Thus, the equality of 
these sets of completely positive maps, ensures that Mk{OMAK(Mm))~^ = 
Pk for every k, i.e., that the identity map is a complete order isomorphism. 

□ 

We shall call a map (f) : M^ Mm such that (j^ is entanglement breaking 
a co-entanglement breaking map. 

Remark 6.7. In Theorem 16.101 we will prove that a map is entanglement 
breaking if and only if it is co-entanglement breaking. Consequently, in the 
last statement of Corollary 16.61 the map (j)' can be replaced by (/>. 

Proposition 6.8. Let (p : M^ Mm be a linear map. Then (p : M^ 
OMAX(Mm) is completely positive if and only if there exist positive linear 
functionals si : Mk — > C and matrices Pi G M^, I = l,...,q, such that 

HX) = Ell si{x)Pi. 

Proof. We have that (j) ■ ~^ OMAX(Mm) is completely positive if and 
only if (cPiEij)) € Mfc(OMAX(M^))+ = C]^^^{Mm) = D^-^{Mm), since 
the set D^^^{Mm) is closed. Thus, there exists an integer q, a scalar ma- 
trix A = {ai^j) G Mq^k, and positive matrices. Pi,. . . ,Pq G M^, such that 
(j){Eij) = YHi'^^'^i^iJ ^ ^ i, j ^ k. If we define positive linear func- 
tionals si : Mk — > C, by si{X) = ■ ai~iXijaij, then we have that (p{Eij) = 
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Y11=iSi{Eij)Pi, for all 1 < i,j < k„ and hence (j){X) = Yy1=iSi{X)Pi for 
every X e Mk- 

Conversely, given any positive linear functional s : Mk — > C, we may write 
s as a sum of vector states; that is, functionals of the form X ^ • 
Thus if (i){X) = X]i'=i si{X)Pi with each si a positive linear functional, then 
by increasing the number of terms in the sum we may assume that each state 
si has the form si{X) = Y,i,j 04^1^1,30,1,3^^ and hence (t){Eij) = Y^i^d^Piaij. 
Thus {^{Eij)) G L»^^^(Mm), and it follows that (j) : Mk -> OMAX(M„) is 
completely positive. □ 

Corollary 6.9. // 4) : Mk — > OMAX(Mm) is completely positive, then (p is 
entanglement breaking. 

Proof. By Proposition l6.8l there exist positive linear functionals si : Mk C 
and matrices Pi € I = 1, . . . , q, such that (piX) = J2l=i Given 
any n G N and any positive linear functional / : M„ (g) M^ C, we have 
that 

q Q 
fo^^{A^X) = f{A(^^{X)) = ^si{X)f{A®Pi) = ^siiX)gi{A), 

1=1 1=1 
where gi : M„ — > C is the positive linear functional given by gi{A) = f{A ® 
Pi), I = 1, . . . , q. Thus / o 0„ is separable. □ 

Theorem 6.10. Let (j) : Mk Mm be a linear map. Then the following are 
equivalent: 

(i) (f) : OMIN(Mfc) Mm is completely positive. 

(ii) is entanglement breaking. 

(iii) (j) is CO- entanglement breaking. 

(iv) (j) : Mk OMAX(Mm) is completely positive. 

(v) There exist positive linear functionals si : Mk C and positive 
matrices Pi £ Mm, for 1 < I < K such that (j){X) = '^i^i Si{X)Pi. 

(vi) There exist rank one matrices Ai £ Mk^m for 1 < I < N such that 
HX) = Y:tiA*iXAi. 

(vii) (j) : OMIN(Mfc) OMAX(M„) is completely positive. 

Proof. The equivalence of (i) and (ii) is stated in Theorem 16.41 while the 
equivalence of (iii), (iv), and (v) follows from Corollary 16.61 and Proposi- 
tion [HlBl By Corollary 16.91 (iv) implies (ii). Hence (iii) implies (ii). Thus, if 
(j) = {(p^)^ is entanglement breaking, then (jJ' is entanglement breaking, and 
so (ii) implies (iii). We now have the equivalence of (i)-(v). 

To show that (v) implies (vi), we may assume as before that each si is 
a vector state. Also, by introducing extra terms we may assume that each 
Pi is a rank one positive matrix. Hence there exist Vi G Mk^i, so that 
si{X) = Vi*XVi, and there exist Wi G Mi,„, such that Pi = wj^Wi. Then 
(vi) follows by setting Ai = ViWi. 

To see that (vi) implies (v), factor each rank one Ai = ViWi, with Vi G 
Mk,i and W/ G Mi,™ and set si{X) = Vi*XVi, and Pi = W^^Wi. 
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Finally, (vii) clearly implies (i). We show that (v) implies (vii). It will be 
enough to consider the case that the sum has a single term, fjji^) = s{X)P. 
But given any operator system 5, any P G , and any s : — > C, 
we see that since s : OMIN(Mfc) — > C is completely positive, the map 
(j!)(X) = s{X)P is completely positive. □ 

We note that the equivalence of (ii) and (vi) of Theorem 16. 101 was proved 
in [6] . The following result gives another proof of the equivalence of (i) and 
(vii). 

Proposition 6.11. Let {y,V^,e) he an AO U space and letS he an injective 
operator system. Then (j) : OMIN{V) — > 5 is completely positive if and only 
if(j) : OMIN(y) 0MAX(5) is completely positive. 

Proof. Assume that (j) : OMIN(y) ^ 5 is completely positive. We have 
that OMIN(y) C C{S) completely order isomorphically for some compact, 
Hausdorff space S. Since S is injective, we may extend to a completely 
positive map ip : C{S) S. By Proposition [521 C{S) = 0MAX(C7(S)) 
completely order isomorphically, and hence the positive map ip : C{S) — s- 
0MAX(5) is completely positive. Hence, (p, which is the restriction of ■0 to 
OMIN(y) is also completely positive. 

Conversely, if 4> : OMIN(y) 0MAX(5) is completely positive, then 
since the identity map from 0MAX(5) to S is completely positive, we have 
that (p is completely positive as a map into S. □ 

Many of the results about entanglement breaking maps between matrix 
algebras can be generalized to operator systems. The main difference is that 
the set of separable states need not be weak*-closed. For this reason, given 
an operator system S we call a positive linear functional (j) '■ Mn{S) C 
weak*-separable if it is a weak*-limit of sums of tensors of positive linear 
functionals. 

Let S and T be operator systems and let (/> : 5 — > T. We call (j) weak*- 
entanglement breaking, if for every n, and every p.l.f. s : Mn{T) — > C 
we have that s o 0„ : M„(5) ^ C is weak*-separable. 

The following argument is standard. 

Lemma 6.12. Let X he a compact Hausdorff space and let (j) : M„(C(X)) 
C he a positive linear functional. Then (j) is weak*-separahle. 

Proof If (p : MniC{X)) ^ C is positive, since C{X) = OMIN(C(X)) com- 
pletely order isomorphically by Proposition [521 4' '■ Af„(OMIN(C(X))) — > C 
is positive. By Remark 14. 51 (j) is in the weak*-closure of By Remark l4.7| 
we see that every element of Q™™ is separable. □ 

Remark 6.13. Although every p.l.f. on M„(C(X)) is weak*-separable, in 
general, a p.l.f. need not be separable. An example of a positive linear 
functional that is not separable can be constructed along the same lines as 
the counterexample in Remark 13. 12[ 
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If we define (f) : M2(C([0, 1])) ^ C, by setting 



4>{{kj))= [ (/i,i(t) + /i,2(i)e'"'* + /2,iWe-'"** + /2,2(t))^it 



Jo 



then it is fairly easy to see that is a positive linear functional. A calculation 
shows that this positive linear functional is not separable. We sketch the 
ideas here: First, one shows that if = Sj^tpj, where the sj : M2 C 

and ■0j '■ C{[0,1]) — s- C are all positive linear functionals, then the measures 
associated with the maps ipj are all absolutely continuous with respect to 
Lebesgue measure, so that ipj{f) = Jq f{t)gj{t)dt for some positive Borel 
functions, gj,j = 1, . . . , n. Next, letting Pj € M2 denote the positive density 
matrix associated with Sj,j = 1, . . . , n, one shows that 



and argues similarly to Remark 13.121 to show that this is impossible. 

Lemma 6.14. Let{V,V+,e) be an AO U space and let 4> : M„(OMIN(F)) ^ 
C be a positive linear functional. Then is weak*- separable. 

Proof. We may regard OMIN(y) as an operator subsystem of C(X) where X 
is the state space of V. We may then extend to a positive linear functional 
on Mn{C{X)) and apply Lemma [6J2l □ 

Theorem 6.15. A linear map (p : S ^ T is weak* -entanglement breaking 
if and only if (j) : 0MIN(5) T is completely positive. 

Proof. If (f) : 0MIN(5) ^ T is completely positive and s : M„(T) ^ C is 
a positive linear functional, then s o (j)^ : M„(0MIN(5)) ^ C is a positive 
linear functional, and hence s o (j)n is weak*-separable by Lemma 16.141 

Conversely, assume that (/> : 5 — > T is weak*-entanglement breaking and 
let s : Mn{T) — > C be a positive linear functional. If s o = g ^ h, where 
g : S ^ C and h : Mn C are both positive linear functionals, then let 
^ = '^ijPi,j^i,j where P = {pi,j) € M+. Writing P = X*X, we see that 
g ®h = X*diag(5, . . . .,g)X G Since Q™™ is a cone, every sum of 

such elementary tensors is in Q™™. Finally, since socj)^ is weak*-separable it 
is in the weak*-closure of Q™™. By Remark 14.51 s o is in (C™™)'^. Hence 
the functional s o is positive on C™°(5) = M„(0MIN(5))+. It follows 
that {4>')n : Mn{T') M„(0MIN(5)') is positive for each n G N, and hence 
(f) : 0MIN(5) ^ T is completely positive. □ 

Given two normed spaces X and Y, the maps in CB{MIN{X), MAX{Y)) 
have been characterized as maps from X to y that had factorizations through 
a Hilbert space that were "bounded" and "co-bounded" in a certain sense. 
Consequently, given two AOU spaces, V and W, it is natural to ask for 
a characterization of the linear maps that are completely positive from 
OMIN(y) to OMAX{W). 




n 



a.e. 
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Problem 6.16. Given an operator system S and an AOU space W, char- 
acterize the completely positive maps from S to OMAX(Ty ) . Is such a map 
a "limit" of sums of maps of the form (j){X) = s{X)P where s is a positive 
linear functional on S and P G ? 

Problem 6.17. Given AOU spaces V and W , characterize the completely 
positive maps from OMIN(y) to OMAX(l^). 

Acknowledgements. The characterizations of OMIN(Mfc) and OMAX(Mfc) 
in terms of entanglement breaking maps given in the last statements of The- 
orem [63] and Corollary 16.61 were suggested to us by the referee. 
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